We prove that for all r ≥ 2 and c > 0, every G graph of order n with at least cn r cliques of order r contains a complete r-partite graph with each part of size ⌊c r log n⌋ . This result implies a concise form of the Erdős-Stone theorem.
It is well-known that a graph G of order n and ⌈cn r ⌉ edges contains a complete bipartite graph with each part of size ⌊a log n⌋, where c, a > 0 are independent of n.
The aim of this note is to extend this result for cliques of larger order. Our notation follows [4] ; in particular, K r (s 1 , . . . , s r ) denotes the complete r-partite graph with part sizes s 1 , . . . , s r . Specifically, we write K r (G) for the set of r-cliques of a graph G. Given M ⊂ K r (G) , let K s (M) be the set of s-cliques contained in a member of M; we say that M covers a graph H, if E (H) ⊂ K 2 (M).
Here is our main result.
Theorem 1 Let r ≥ 2, c > 0, and G be a graph of order n. If M ⊂ K r (G) is with |M| ≥ cn r , then M covers a K r (s, . . . s, t) with s = ⌊c r log n⌋ and t > n 1−c r−1 .
Letting M = K r (G) , we obtain the result stated in the abstract. For the proof of Theorem 1 we need a routine lemma, proved here for convenience.
Lemma 2 Let F be a bipartite graph with parts A and B with |A| = m and |B| = n. Let r ≥ 2, 0 < c < 1/2, s = ⌊c r log n⌋ , and s < (c/2) m + 1. If e (F ) ≥ cmn, then F contains a K 2 (s, t) with parts S ⊂ A and T ⊂ B such that |S| = s and |T | > n 1−c r−1 .
For any X ⊂ A, let d (X) be the number of vertices joined to all vertices of X.
After rearranging we find that
Since c/2 < 1/4 < 1/e and x log x is decreasing for 0 < x < 1/e, we see that
completing the proof. 2
Proof of Theorem 1 We use induction on r. The case r = 2 is given in [9] . For a proof similar to the proof of Lemma 2 see [3] , p. 282. Assume the assertion true for 2 ≤ r ′ < r.
For a set N ⊂ K r (G) and R ∈ K r−1 (N) let d N (R) be the number of members of N containing R. We first show that there exists L ⊂ M with |L| > (c/2) n r−1 such that d L (R) > cn for all R ∈ K r−1 (L) . Indeed, set L = M and apply the following procedure.
If there exists an R ∈ K r−1 (L) with d L (R) ≤ cn, drop all Q ∈ L containing R and repeat the step.
When this procedure stops, we have d L (R) > cn for all R ∈ K r−1 (L) and also
implying that |L| > (c/2) n r , as claimed.
Since K r−1 (L) ⊂ K r−1 (G) and
|K r−1 (L)| ≥ r |L| /n > r (c/2) n r /n = (rc/2) n r−1 , the induction assumption implies that K r−1 (L) covers an H = K r−1 (m, . . . , m) with m = (rc/2) r−1 log n . Let A be a set of m disjoint (r − 1)-cliques in H. Define a bipartite graph F with parts A and B = V (G) , joining R ∈ A to v ∈ B whenever R + v ∈ L. Set s = ⌊c r log n⌋ . Since d L (R) > cn for all R ∈ K r−1 (L) , we have e (F ) > cmn. Also, we see that s < c r log n ≤ (c/2) (rc/2) r−1 log n + 1 = (c/2) m + 1.
According to Lemma 2, there exists K 2 (s, t) ⊂ F with parts S ⊂ A and T ⊂ B such that |S| = s and |T | = t > n 1−c r−1 . Let H * be the subgraph of H induced by the union of the members of S; clearly, H * = K r−1 (s, . . . , s). Since for each v ∈ T and each R ∈ K r−1 (H * ) we have R + v ∈ L, we see that L covers the complete r-partite graph H * + T = K r (s, . . . , s, t), completing the induction step and the proof. Concluding remark Theorem 1 gives, to our best knowledge, the simplest proof of the fundamental theorem of Erdős and Stone [6] (see also [1] , [2] , [3] , [5] , and [7] ). Indeed, in [8] (see also [10] , Problem 11.8) it is proved that
whenever K s (G) = ∅. Therefore, if e (G) ≥ (1 − 1/r + c) n 2 /2, we obtain |K r+1 (G)| > (c/r r ) n r+1 , and so K r+1 (s, . . . s, t) ⊂ G with s = Θ (log n) and t > n Θ (1) . This bound is stronger than the one given in [2] and comparable with the bounds established in [3] .
